Lecture 23 The characteristic polynomial

% The charocteristic polynomiol of a square motrix A s

Py(A) = det (A=AT)
Thw The eigenvalues of a squore motrix A are precisely the roots of

the characteristic polynomial PalA) .
P_\C A hos an e‘tgenva\ue N = det(A-N1)=0 & PA(A)=0

o o

Prop Given o 2x2 wmatrix F\={2 }) we have

PyA) = X —(a+d) A+ (ad-bc)
B T = oA b
Pt PN = det (A-AT) &ef{ ) &_%}

= (o=MN)(d=N)=bc = ad—aor—drA+ )\ —bc
= N —(o+d) )+ (od-be)

Prop I o square matrix A s Jrricmau\ar, its eigenvalues are given by

its &iagom\ entries .
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= pN=det(A-AD) =det | 0 3=) ¥ [=(2-M(B-M4-))
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= PAA) has voots of A=2,3 4

diagom\ enfries




Note (1) IT£ A is an nxn matrix, PN has degree n

= A has aof wmost n distinet eige\nva\ues

() For square wotrices of large size, chorocteristic polynomials
are not useful for finding eigenvalues. However, characteristic

polynomials have wany other applications, some of which we will

discuss in Lecture 26.
% Let o be an eigenvalue of o square motrix A

(1) Tts olgebraic multiplicity is the exponent of the factor A—ol in the

factorization of PalA) .

() Tts geometric multiplicity is the dimension of Nul(A=AT).

o\~ eigenspace

eq. F\:{z ;} = PN = N =6 +9=(\=3)
= A=3 is an eigevwa\ue with a\gebmic W\u\ﬁphcﬁrg 2
!—\—?ﬂ:[g é} = dim(Nul(A-31)) =1

= A=3 has geometric multiplicity (I

Prop Let o be an eigenvalue of o squore motrix A

(1) Its geometric multiplicity is at wost its algebraic multiplicity .

() If its olgebraic multiplicity is 1, so is its geometric multiplicity.



Ex Find all eigenvalues of eoch matrix.

e

Sol PN =N =(24+2) N+ (22-11) =N =4N+3= (A= 1)(A-3)

= A has eigenvalues |A=1,3

SRR

Sol PN =N =(143) A+ (1:3=(-1)-1)= N =4\ +4=(A-2)"

= B has o un'\aoue eigenvalue

ol

Sol Since C is friangular, its eigenvalues are given by 4he diagonol

O O vl
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entries [1,2,5

| 2 0
4 D=3 26
O -l |

=X 2 o
Sol pyN) =det (D-AT)=det| 3 2-1 &6
O -l 1-A

2-N 6 2 0O
a8 ]2 0]
=(|—%)U2—AHI—A)+6]—5Qll—%)
=(1=-M[(2-MN(1-N+€-¢]

=(1-)\)"(2-))

= D hos eigenvalues [A=1,2



Eﬁ Consider the matrix

i

M Find all e‘tgeﬂva(u\es of A with their a\gebmic vv\u\ﬁpl'lciﬁes_

SRR

I-x 0 2 .
Sol PN =det (A-AI)=det| o 1-) 3 [=(1-A"(2-))
O O 2-\

Hence the eTSem\/a\ues of A are

% A=1 with a(ge\omic W\u\ﬁphcim 2

A=2 with algebraic mulfiplicity |

Note TIn fact, for a Jrria\ngu\ar matrix, the algebroic mulfiplicity of
an eigenvalue A eoouals the number of times A oppears on the
&iagom\.

(2) For each eigenvalue of A, find its geometric multiplicity.

Sol  The geometric multiplicity of an eigenvalue A s dim(Nul(A=XT)).

N= Al_t ®} col 1, col 2 with

02
0 3| = RREF(A-I)= 0
02 0
= dim(Nul(A-T)] =2
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no \eud‘mg 1's

102 WO -2 o 3 with
00 O 00 O nNo lea mg S
= dim(Nul(A—21)) = |

Hence the geometric multiplicity is [2 for A=1 and | for A=2]




